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Abstract. In this paper we introduce two new methods for constructing har- 
monic morphisms from solvable Lie groups. The first method yields global 
solutions from any simply connected nilpotent Lie group and from any Rie- 
mannian symmetric space of non-compact type and rank r > 3. The second 
method provides us with global solutions from any Damek-Ricci space and 
many non-compact Riemannian symmetric spaces. We then give a continuous 
family of 3-dimensional solvable Lie groups not admitting any complex valued 
harmonic morphisms, not even locally. 



1. Introduction 

The notion of a minimal submanifold of a given ambient space is of great 
importance in Riemannian geometry. Harmonic morphisms (j) : {M,g) 
{N, h) between Riemannian manifolds are useful tools for the construction 
of such objects. They are solutions to over-determined non-linear systems 
of partial differential equations determined by the geometric data of the 
manifolds involved. For this reason harmonic morphisms are difficult to find 
and have no general existence theory, not even locally. 

If the codomain is a surface the problem is invariant under conformal 
changes of the metric on A^^. Therefore, at least for local studies, the 
codomain can be taken to be the complex plane with its standard flat met- 
ric. For the general theory of harmonic morphisms between Riemannian 
manifolds we refer to the self-contained book [2j and the regularly updated 
on-line bibliography [7]. 

In ^ Baird and Wood classify harmonic morphisms from the famous 3- 
dimensional homogeneous geometries to surfaces. They construct a globally 
defined solution (f> : Nil C from the 3-dimensional nilpotent Heisenberg 
group and prove that the 3-dimensional solvable group Sol does not admit 
any solutions, not even locally. 

In this paper we introduce two new methods for constructing complex 
valued harmonic morphisms from solvable Lie groups. We prove that any 
simply connected nilpotent Lie group can be equipped with left-invariant 
Riemannian metrics admitting globally defined solutions. 

Our methods yield a variety of harmonic morphisms from a large collec- 
tion of solvable Lie groups for example all Damek-Ricci spaces. We prove 
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existence for most of the solvable Iwasawa groups NA associated with Rie- 
mannian symmetric spaces. Combining this with earlier results from [8], [9] 
and [To] we are able to prove the following conjecture except in the cases 
when the symmetric space is G2/SO(4) or its non-compact dual. 

Conjecture 1.1. Let (M"^,g) be an irreducible Riemannian symmetric 
space of dimension m > 2. For each point p € M there exists a complex- 
valued harmonic morphism cj) : U ^ C defined on an open neighbourhood U 
of p. If the space {M,g) is of non- compact type then the domain U can be 
chosen to be the whole of M . 

In the last section of the paper, we study the local existence of harmonic 
morphisms on 3-dimensional solvable Lie groups and prove the following 
result. 

Theorem 13.6 Let q be a 3-dimensional centerless, solvable Lie algebra 
and G a connected Lie group with Lie algebra g and a left-invariant metric. 
Let V be a local conformal foliation by geodesies on G. Then G has constant 
sectional curvature. 

In contrast to the nilpotent case, we find a continuous family of solv- 
able Lie groups not admitting any complex valued harmonic morphisms, 
independent of their left-invariant metric. This family contains the famous 
example Sol. 

2. Harmonic Morphisms 

Let M and N be two manifolds of dimensions m and n, respectively. A 
Riemannian metric g on M gives rise to the notion of a Laplacian on (M, ^f) 
and real- valued harmonic functions f : (M, g) M. This can be generalized 
to the concept of harmonic maps (j) : (M, g) — > (A^, h) between Riemannian 
manifolds, which are solutions to a semi-linear system of partial differential 
equations, see [2]. 

Definition 2.1. A map (j) : {M,g) (N, h) between Riemannian manifolds 
is called a harmonic morphism if, for any harmonic function /:[/—> M 
defined on an open subset U of N with (f)~^{U) non-empty, f ocj) : (f)~'^{U) — > 
R is a harmonic function. 

The following characterization of harmonic morphisms between Riemann- 
ian manifolds is due to Fuglede and Ishihara. For the definition of horizontal 
(weak) conformality we refer to [2]. 

Theorem 2.2. [6l [T2j A map (j) : {M,g) — > {N,h) between Riemannian 
manifolds is a harmonic morphism if and only if it is a horizontally (weakly) 
conformal harmonic map. 

The following result of Baird and Eells gives the theory of harmonic mor- 
phisms a strong geometric flavour and shows that the case when n = 2 is 
particularly interesting. The conditions characterizing harmonic morphisms 
are then independent of conformal changes of the metric on the surface A^^. 
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Theorem 2.3. [T] Let (p ■ {M^,g) {N^,h) be a horizontally (weakly) 
conformal map between Riemannian manifolds. If 

\. n = 2, then (j) is harmonic if and only if (j) has minimal fibres at 
regular points; 

ii. n > 3, then two of the following conditions imply the other: 

(a) (j) is a harmonic map, 

(b) (j) has minimal fibres at regular points, 

(c) (j) is horizontally homothetic. 

In this paper we are interested in complex valued functions (p, ip : (M, g) — > 
C from Riemannian manifolds. In this situation the metric g induces the 
complex-valued Laplacian T{<j)) and the gradient grad(0) with values in the 
complexified tangent bundle T'^M of M. We extend the metric g to be 
complex bilinear on T^M and define the symmetric bilinear operator k by 

k{<P,iIj) = 5(grad((/»),grad(V')). 
Two maps (j),tp : M ^ C are said to be orthogonal if 

V') = 0. 

The harmonicity and horizontal conformality of (p '■ {M,g) C are ex- 
pressed by the relations 

r((/>) = and (/)) = 0. 
Definition 2.4. Let {M,g) be a Riemannian manifold. Then a set 

VL = {(l)k:M^C\keI} 

of complex-valued functions is said to be an orthogonal harmonic family on 
M if, for ah (p,'ip gQ, 

t(0) = and = 0. 

The problem of finding an orthogonal harmonic family on a Riemannian 
manifold can often be reduced to finding a harmonic morphism with values 
in M". 

Proposition 2.5. Let $ : {M,g) — > M" be a harmonic morphism from a 
Riemannian manifold to the standard Euclidean with n>2. If V is an 
isotropic subspace o/C" then 

nv = {Mx) = {^{x),v)\ vGV} 

is an orthogonal harmonic family of complex valued functions on (M, g) . 

Here and elsewhere in this paper (•, •) refers to the standard symmetric 
bilinear form on the n-dimensional complex linear space C". The next re- 
sult shows that orthogonal harmonic families can be useful for producing a 
variety of harmonic morphisms. 
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Theorem 2.6. [8] Let {M,g) be a Riemannian manifold and 

n = {(l>k : M ^ C \ k = 1, . . . ,n} 

be a finite orthogonal harmonic family on (M,g). Let $ : M — > C" he the 
map given by ^ = . . . , (pn) <ind U be an open subset of C" containing 
the image <I>(M) of ^. If T is a family of holomorphic functions F : U ^ C 
then the family T given by 

is an orthogonal harmonic family on M . 

3. The General Linear Group GL„,(M) 

Let GL„(M) be the general Unear group equipped with its standard Rie- 
mannian metric induced by the EucUdean scalar product on the Lie algebra 
0l„(M) given by 

(X,y) = trace Xy*. 
For 1 < i,j,k,l < n we shall by Eij denote the elements of g[„ (M) satisfying 

{Eij)ki = ^ik^ji and EijE^i = Sj^En. 

Let G be a subgroup of GL„(R) with Lie algebra q equipped with the 
induced Riemannian metric g. If X G g is a left-invariant vector field on G 
and (pytjj : U ^ C are two complex valued functions defined locally on G 
then 

X(</.)(p) = ^[<^(p.exp(sX))]|^^Q, 
This means that the operator n is given by 

where B is any orthonormal basis for the Lie algebra q. Employing the 
Koszul formula for the Levi-Civita V connection on G we see that 

giV^X,Y) = g{[Y,X],X) 

= trace(yX - Xy)X* 

= trace y (XX* - X*X)* 

= g{[X,X%Y). 

Let [X, X*]g be the orthogonal projection of the bracket [X, X*] onto g in 
gl„(M). Then the above calculation shows that 

V^X = [X,X% 

so the Laplacian r satisfies 

r(<A)= 5^X^(0) -[X,X%(</>). 
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4. The Nilpotent Lie Group N„ 



The standard example of a nilpotent Lie group is the subgroup Nn of 
GL„(R) consisting of n x n upper-triangular unipotent matrices 



/I Xi2 

1 



Vo 



•^l,n— 1 ^In ^ 



1 





1 J 



eGLr 



Xij G 



This inherits a natural left-invariant Riemannian metric from GL„ (M) . The 
Lie algebra n„ of Nn has the canonical orthonormal basis B = {Ers\ r < s} 
and its Levi-Civita connection V satisfies 



^J^^J^rs — [Ers, -£'rs]n„ — {Err — E. 



ss)nn 







for all E^s £ -S. Hence the Laplacian r is given by 



r<s 



Lemma 4.1. Let Xij : Nn — > R 6e the real valued coordinate functions 

where {ei, . . . , e^} is i/ie canonical basis for MP. If i < j then the following 
relations hold 

T{Xij)=0 and K{Xij,Xkl) = 6jl ■ ^ XirXkr- 

max{i,k}<r<l 

Proof. For an element X of the Lie algebra we have 

X{xij) : X Ci ■ X ■ X ■ Cj and X'^{xij) : x ^ e^ - x ■ X^ ■ e*-. 
This leads to the following 

r{xij) = EUxij) = ^ei-x-E^^- e) = 0, 



r<s 



r<s 



K{Xij,Xkl) = '^Ers{Xij)Ers{xkl) 

r<s 

= J2^i-^-Ers-eyer E^.^ • a;* • 

r<s 

= ^Ci-x-Ers- Eji ■ El^ ■ X* • el 

r<s 

= ^ ^ SgjSgl €i ' X ' Ej^j^ • X ' 6^ 



r<s 



^jl ^^^^ 6'j * X ' Gy, ' Gf ' X ' 
r<l 
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— ' / > ^ir^kr- 

max{i,fc}<r</ 

□ 

Theorem 4.2. Let Nn be the nilpotent Lie group of real n x n upper- 
triangular unipotent matrices equipped with its standard Riemannian metric. 
Then the group epimorphism ^ : Nn W^~'^ defined by 

= (xi2, . . . ,Xn-l,n) 

is a harmonic morphisms. 

Proof. As a direct consequence of Lemma 14.11 we see that the components 
(pi, ... , (pn-i of the epimorphism $ : Nn W^~^ satisfy the following system 
of partial differential equations 

r((/>fc) = and K{(pk,cl)i) = hi- 

The result is a direct consequence of these formulae. □ 

5. The First Construction 

In this section we generalize the above construction for A'^^ to a large 
class of Lie groups. We find an algebraic condition on the Lie algebra which 
ensures the existence of at least local harmonic morphisms. 

Proposition 5.1. Let G be a connected, simply connected Lie group with Lie 
algebra g and non-trivial quotient algebra a = g/[g, g] of dimension n. Then 
there exists a natural group epimorphism $ : G — > and left-invariant 
Riemannian metrics on G turning <I> into a Riemannian submersion. 

Proof. The two Lie algebras o and M" are Abelian so there exists an isomor- 
phism tp : a ^ which lifts to a Lie group isomorphism ^ : A ^ from 
the connected and simply connected Lie group A with Lie algebra a. 

On M" we have the standard Euclidean scalar product. Equip the Lie 
algebra o with the unique scalar product turning ip into an isometry. This 
induces a left-invariant metric on A and the isomorphism ^' : ^4 ^ M" is 
clearly an isometry. 

Then equip the Lie algebra g of G with any Euclidean scalar product such 
that the projection map vr : g ^ a is a Riemannian submersion. This gives a 
Riemannian metric on G and the induced group epimorphism 11 : G ^ j4 is 
a Riemannian submersion. It follows from the above construction that the 
composition $ = \I' o n : G — > M" is a group epimorphism and its differential 
(i$e at e is a Lie algebra homomorphism. Furthermore $ is a Riemannian 
submersion. □ 

Theorem 5.2. Let G be a connected, simply connected Lie group with Lie 
algebra g and non-trivial quotient algebra g/[g,g] of dimension n. Let g 
be a Riemannian metric on G such that the natural group epimorphism 
$ : {G,g) — > zs a Riemannian submersion. For the canonical basis 
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{ei, . . . , e„} ofW^ let {Xi, . . . , X^} be the orthonormal basis of the horizon- 
tal space He with d^e{Xi) = ei and define the vector ^ E by 

^ = (trace adxi , ■ ■ ■ , trace adx„)- 

For a maximal isotropic subspace W of put 

V = {weW \ (u;,^) = 0}. 

// the dimension of the isotropic subspace V is at least 2 then 

= {M^) = \veV} 

is an orthogonal family of globally defined harmonic morphisms on {G, g) . 
Proof. First of all we note that for X G g we have 

= ^CSW + f (exp(tX)))|,.„ 

Then fix an orthonormal basis B = B1UB2 where Bi is an orthonormal basis 
for [0,0] and B2 for the orthogonal complement [g,g]"'". The tension field of 
$ can now be calculated as follows: 

rmP) = ^X\^){p)-d^p{VxX) 
xeB 

XeB 

x,zeB 

zeB2 XeB 
= E (trace adz)<i^e(-Z'). 



zeB2 



6. NiLPOTENT Lie Groups 



□ 



In this section we show that every connected, simply connected nilpotent 
Lie group G with Lie algebra can be equipped with natural Riemannian 
metrics admitting complex valued harmonic morphisms on G. When the 
algebra is Abelian the problem is completely trivial, so we shall assume that 
is not Abelian. In that case we have the following well-known fact. 

Lemma 6.1. Let Q be a non- Abelian nilpotent Lie algebra. Then the di- 
mension of the quotient algebra g/[g,g] is at least 2. 



Proof. Since the algebra q is nilpotent we have [0,0] 7^ 0. Assume that the 
quotient algebra 0/[0,0] is of dimension 1 i.e. 

= MX e [0,0] 

for some X e g. Then [0,0] C [0, [0,0]] and since of course [0, [0,0]] C [0,0] 
we must have [0,0] = [0, [0,0]]. But as is nilpotent, this is only possibible 
if [05 0] =0 if is Abelian. □ 

For non- Abelian nilpotent Lie groups the existence result of Theorem 15.21 
simplifies to the following. 

Theorem 6.2. Let G be a connected, simply connected, non-Abelian and 
nilpotent Lie group with Lie algebra q. Then there exist Riemannian metrics 
g on G such that the natural group epimorphism <I> : {G,g) — > M" is a 
Riemannian submersion. If V is a maximal isotropic subspace of C" then 

nv = {Mx) = i^{x),v) \v£V} 

is an orthogonal family of globally defined harmonic morphisms on {G,g). 

Proof. The Lie algebra is nilpotent, so if Z G then trace ad^ = 0. This 
means that the vector ^ defined in Theorem 15.21 vanishes . The result is then 
a direct consequence of Lemma 16.11 □ 



7. The Nilpotent Heisenberg Group Hn 

We shall now apply Theorem 16.21 to yield an orthogonal family of com- 
plex valued harmonic morphisms from the well-known (2n + l)-dimensional 
nilpotent Heisenberg group 





X 






In 












where In is the n x n identity matrix. A canonical orthonormal basis B for 
the nilpotent Lie algebra f)„ of Hn consists of the following matrices 

/O efc 0\ /O 

Xk= [0 On , n = On el 
\0 0/ \0 

where {ei, . . . , Cn} is the canonical basis for M". The derived algebra [i)n, i)n] 
is generated by Z and the quotient i)n/[^n,hn] can be identified with the 
2n-dimensional subspace generated hy Xi, . . . , Xn, Yi, . . . ,Yn- The natural 
group epimorphism 4? : Hn M^" is given by 



(xi, . . . , Xni yii ■ ■ ■ 1 yn)- 





Theorem 7.1. Let Hn he the (2n + 1)- dimensional Heisenberg group and 
$ : Hn M?"^ be the natural group epimorphism. If V is a maximal isotropic 
subspace of C^" then 

= {4>v ■ X {^{x),v) \ V eV} 

is an orthogonal family of globally defined harmonic morphisms on Hn- 

In [3] Baird and Wood study the existence of harmonic morphisms from 
the 3-dimensional Heisenberg group Nil = Hi to surfaces. They show that 
up to conformal transfomations on the codomain the only solutions defined 
locally on Hi are the restrictions to the natural group epimorphism (p : 
Hi — > C with 

X z'^ 
1 y \ ^ X + iy. 
,0 1, 



8. The Nilpotent Lie Group Kn 

In this section we employ Theorem [62] to construct a harmonic morphism 
on the (n + l)-dimensional nilpotent subgroup Kn of GL„+i(M) given by 

• Pn-i{x) yi \ 

• Pn-2{x) y2 



(l X P2{x) psix) 
1 X P2{x) 



Kn 



\ 






1 


X 


P2{x) 


yn-2 







1 


X 


Vn-l 









1 


Vn 











1 



x,yk G 



where the polynomials p2, ■ ■ ■ ,Pn-i are given by Pk{x) = x^ /k\ For the Lie 
algebra 

/O a 








/3i 













a 


/3n~2 




a 









Pn 










■n+l 



V 

of Kn we have the orthonormal basis B consisting of the matrices 

1 



Yi = Ei„ 



,n+l, 



, Yn = En,n+i and X 



(^^12 + 



En—l,n)' 



The derived algebra [t„, 6„] is generated by the vectors Yi, . . . , Y^-i and the 
quotient algebra 6n/[^n, 6n] can be identified with the 2-dimensional subspace 
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of in generated by X and Y^. The natural group epimorphism # : C 
given by 

^ : p I—)- {xVn — 1 + iUn) 
is a globally defined harmonic morphism on 

9. Compact Nilmanifolds 

A nilmanifold is a homogeneous space of a nilpotent Lie group. As is well 
known, any compact nilmanifold is of the form G/T, where G is a nilpotent 
Lie group and T a uniform subgroup of G, i.e., a co-compact discrete sub- 
group. We have proved the global existence of harmonic morphisms on any 
nilpotent Lie group with a left-invariant metric. We include here a section 
where we prove the existence of a globally defined harmonic morphism on 
any compact nilmanifold G/T, for which G has rational structure constants. 

To begin with, assume that (M, g) is a compact Riemannian manifold and 
UJi, . . . ,ujk be a basis for the linear space of harmonic 1-forms on M; thus 
k is the first Betti number of M. Define the lattice A in M*^ as the integer 
span of the vectors 

if cui,..., [ cuk) with 7 G Hi{M,Z). 

After fixing a point p E M we can define the correponding Albanese map 

uJi, . . . , / LOk) mod A. 
Jp J p 

Note that TTp is a harmonic map with respect to the fiat metric on the torus 

To continue our construction, we need the following simple lemma, where 
C denotes Lie derivative. 

Lemma 9.1. Assume that to is a harmonic p-form on a compact Riemann- 
ian manifold {M,g), and X a Killing vector field. Then 

Lx^ = 0. 

Proof. Let ipt be the flow of X. As (ft is an isometry, ip*uj is also harmonic. 
Hence Lxio = dix^ is a harmonic p-form, but as it is also exact, it must 
vanish. □ 

Let G be a Lie group and F be a co-compact, discrete subgroup of G. 
We equip G with a left-invariant metric and G/V with the metric which 
makes the qTioticnt map G ^ G/T into a Riemannian submersion. Thus G 
acts by isometrics on G/T. By the above lemma, any harmonic 1-form on 
G/T is left-invariant by G, and so has constant pointwise norm. Hence, any 
two harmonic 1-forms which are orthogonal at one point, remain orthogonal 
everywhere. Thiis we can choose u\,...,Uk in the above construction such 
that the relation 

= Sij 
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holds everywhere on G/T. This makes the Albanese map into a Riemannian 
harmonic submersion and hence a harmonic morphism. 

Malcev proves in [13] that a simply connected nilpotent Lie group G 
contains a uniform subgroup T if and only if the Lie algebra g of G has 
rational structure constants with respect to some basis. It is known that 
this condition is always satisfied if the dimension of g is less than 7. In 
|15j Nomizu shows that the first Betti number of the quotient G/T equals 
the codimension of [g,0] in g, which by Lemma l6.ll is at least 2 unless the 
algebra is Abelian. The above arguments now deliver the following result. 

Theorem 9.2. Let G he a non-Abelian nilpotent Lie group for which the Lie 
algebra q has rational structure constants in some basis. For any uniform 
subgroup T and any G -invariant Riemannian metric g on G/T, there exists 
a harmonic morphism from {G/T,g) into a fiat torus of dimension at least 
2. 

To show that the lift of the Albanese map to a map between the universal 
coverings is essentially the same as we constructed in the previous section, 
we show the following result. 

Proposition 9.3. Assume that G is a connected and simply connected Lie 
group, and T a uniform subgroup of G, and equip G and G/T with G- 
invariant metrics for which the covering map G ^ G /T is a local isometry. 
Then any harmonic map (/) : G ^ M" which is right-invariant under the 
action of T is a homomorphism followed by a translation in M". 

Proof. By translating, we may assume that (/>(e) = 0. Consider the 1-form 
uj = d(j) on G. This is the lift of a harmonic 1-form on G/T, and so, by Lemma 
19.11 is left-invariant on G. Fix a g £ G and define = (pig) + (pih) and 
^{h) = (pigh). As d(j) is left-invariant, it follows easily that d^ = d^, and 
since $(e) = ^(e), we get $ = 4*. Hence is a homomorphism. □ 

Thus, the lift of the Albanese map is a homomorphism and a Riemannian 
submersion (/> : G — > M", where n = dimg/[g,g]. Since the kernel of d(j) 
necessarily contains [g,g], these spaces must coincide. This shows that (j), 
up to a translation in R*^, is precisely the map constructed in Theorem 16.21 

10. The Solvable Lie Group Sn 

The standard example of a solvable Lie group is the subgroup Sn of 
GL„(M) of n X n upper-triangular matrices. This inherits a natural left- 
invariant Riemannian metric from GL„(M). The connected component G 
of Sn containing the neutral element e is given by 

/ e*i xi2 
f e*2 



\ ••• 



3^1, n—l '■^Xn 
X2,n-1 X2n 



c- ■*"n— 1, 



G GLr 
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The Lie algebra g of G consist of all upper-triangular matrices and has 
the orthogonal decomposition g = c) © tXn where tin is the Lie algebra for Nn 
and d is generated by the diagonal elements Di = En, . . . , Dn = £ 0- 
The derived algebra [0,0] is n„ and the quotient 0/[0,0] can be identified 
with i). The natural group epimorphism $ : G — > is the Riemannian 
submersion given by 

^■.g^{ti,...,tn). 

Theorem 10.1. Let G he the connected component of the solvable Lie group 
Sn containing the neutral element e and ^ : G ^ M" be the natural group 
epimorphism. Let the vector ^ G C" be given by 

e = ((n + 1) - 2, (n + 1) - 4, . . . , (n + 1) - 2n). 

If n > 3, W is a maximal isotropic subspace of and 

V = {w ew \ {w,^) =0}, 

then 

is an orthogonal family of globally defined harmonic morphisms on G. 

Proof. The subspace c) of is the horizontal space Tie of <I> : G ^ M"' and 
has the orthonormal basis {Di, . . . , Dn}. For the diagonal elements Dt we 
have 

trace adzjt = (n + 1) — 2t 

which gives 

^ = (trace adxi , • • • , trace adx„ ) 

= ((n + 1) - 2, (n + 1) - 4, . . . , (n + 1) - 2n). 

This means that for any maximal isotropic subspace W of C" the space 
V = {w £ W I {w, ^) = 0} is at least two dimensional. The result is then a 
consequence of Theorem 15.21 □ 

11. Symmetric Spaces of Rank r > 3 

In this section we employ Theorem 15.21 to construct complex valued har- 
monic morphisms from Riemannian symmetric spaces of rank at least 3. For 
the details of their structure theory we refer to [H] . In the next section we 
will construct harmonic morphisms on symmetric spaces of rank one through 
a different method. 

An irreducible Riemannian symmetric space of non-compact type may be 
written as G/K where G is a simple, connected and simply connected Lie 
group and K \s a. maximal compact subgroup of G. We denote by g and I 
the Lie algebras of G and K, respectively, and by 



= t + P 
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the corresponding Cartan decomposition of Q. According to the Iwasawa 
decomposition of g we have 

= n + o + e, 

where a is a maximal Abehan subalgebra of p and n a nilpotent subalgebra 
of Q. Furthermore, the subalgebra 

s = n + a 

is a solvable subalgebra of g. On the group level we have similar decompo- 
sitions 

G = NAK and S = NA 

where is a normal subgroup of S. 

As S acts simply transitively on G/K we thus obtain a diffeomorphism 

G/K^S 

and, as the action of S on G/K is isometric, the induced metric on S is 
left-invariant. 

Since [s,s] = n, we see that the codimension of the derived algebra of 
s is the dimension of a i.e. the rank of G/K. Hence, when the rank is at 
least 3, the statement of Theorem 15.21 shows that there exist globally defined 
complex valued harmonic morphisms on G/K. 

Theorem 11.1. Let {M,g) be an irreducible Riemannian symmetric space 
of rank at least 3. Then for each point p £ M there exists a complex-valued 
harmonic morphism (f) : U ^ C defined on an open neighbourhood U of p. 
If the space (M, g) is of non-compact type then the domain U can be chosen 
to be the whole of M. 

Proof. As for the compact situtation, the duality principle decscribed in [8] 
gives us locally defined complex valued harmonic morphisms on the irre- 
ducible Riemannian symmetric spaces of compact type with rank at least 
3. □ 

Theorem 111.11 gives the first known examples of complex- valued harmonic 
morphisms from the non-compact classical Riemannian symmetric spaces 

SO(p,p)/SO(p) X SO{p), 

SO{p,p + l)/SO(p) X SO(p + 1), 

Sp(p,p)/Sp(p) X Sp(p) 

with p > 3 and their compact duals. As for the exceptional symmetric 
spaces, the result gives the first known examples from the non-compact 

^|/SU(6) X SU(2), 

Ej^/SO{12) X SU(2), 

E^'^^/E-r X SU(2), 

F4VSp(3) X SU(2), 
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^^67Sp(4), 
S|/SO(16). 

and their compact duals. 

12. The Second Construction 

In this section we introduce a new method for constructing complex val- 
ued harmonic morphisms from a certain class of solvable Lie groups. This 
provides solutions on any Damek-Ricci space and many Riemannian sym- 
metric spaces. 

Let 5 be a Lie algebra which can be decomposed as the sum of two sub- 
algebras 

s = n-|-a, nna = {0}, 

where n is a nilpotent ideal and o is Abclian. Furthermore let 5 be equipped 
with an inner product for which n and a are orthogonal and the adjoint 
action of a on n is self-adjoint with respect to this inner product. Thus, 
we have a subset of "roots" S in the dual space o* of o and an orthogonal 
decomposition 

n = ^ na, where [V, X] = a{V)X 

for any F G and X ^ via- Finally, we assume that there is at least one 
root /? G S with the property that 

n/3 -L [n,n]. 

We write S* = S \ {/?} and put 

m = Uq. 

qGS* 

Let S" be a simply connected Lie group with Lie algebra s and A, N and M 
be the Lie subgroups of S with Lie algebras a, n and m, respectively. Then 
S = N ■ A and M is a closed normal subgroup of with N/M Abelian and 
A - M = M ■ A. Furthermore, A, M and N are simply connected, hence so 
is the quotient N/M. 

We equip S with the left-invariant Riemannian metric induced by the 
inner product on s and give N/M the unique left-invariant metric for which 
the homogeneous projection N N/AI is a Riemannian submersion. 

Theorem 12.1. For the above situation the map 

^ : S ^ N ■ A^ N/M, ^'(n-o)=ra-M 

is a harmonic morphism. 

Proof. Denote by o = eM the identity coset of N/M. The fibre of ^ over a 
point n • o is the set n ■ M ■ A = n ■ A ■ M. Thus, the vertical space of ^' at 
the point n • a is the left translate of a -|- m, i.e. 

V„.a = d(L„.„)e(a-Fm); 
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the horizontal space is therefore the left translate of n^: 

'Hn-a = d{Ln.a)e{^l3)- 

This means that for X G we have 

d^n-a{d{K.a)e{X)) =j^\^^^^{n ■ a ■ exp(tX)) 

=-^\t=o^ ' exp(t Ada(X)) • o 

=d{Ln)oiAda{X)) 

Now, there is a unique element V e a such that a = ex.p{V). Thus, 

\\d^Ud{Ln.a)e{Xm^ = \\ Ad,{X)\\^ = ||e'^'i(^) (X) f = e^/^W 
This implies that ^ is horizontally conformal with dilation 

A2(n.a)=e2/3W 

so in particular, ^ is horizontally homothetic. This means that for proving 
that * is a harmonic morphism it is sufficient to show that it has minimal 
fibres. In our special situation it is even enough to show that the fibre over 
o G N/M is minimal. Since '^^^(o) = M • ^ is a subgroup of S, it even 
sufficies to check that it is minimal at the identity element e G 5. 

Let {fi} be an orthonormal basis of o and for any a G S* let {e^} be an 
orthonormal basis for tIq,. Then {/j, e^} is an orthonormal basis for the sum 
+ m. Let H be the mean curvature vector field along the fibre 5'~^(o) and 
X G n;3 as above, then 

i aeE* fc 

= Y.{[X,n]J,)+Y^ Y,{[X,et],et) 

i aSE* fc 

=0, 

since [X, fi] e rip ± a and [X, e^] G np+a -L rVa- □ 

Note that, since N/M is Abelian and simply connected, there is an iso- 
metric group isomorphism 

N/M ^ R*^, 

where k = dimn^. 

Example 12.2. Consider an irreducible Riemannian symmetric space G/K 
of non-compact type. We recall again the Iwasawa decomposition 

G = NAK, 5 = n + a + t 

of the group G and its Lie algebra q. Choose a root space C n associated 
to a simple, restricted root /3. The above construction now yields a harmonic 
morphism 

G/K ^N -A^ N/M ^ R*^, 
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where k = dimn^. Thus, whenever /? can be chosen with k > 2, there are 
globally defined, complex-valued harmonic morphisms on G/K, regardless 
of the rank. Besides giving new examples on some of the spaces considered in 
the previous section, we also find the first known complex valued harmonic 
morphisms on the spaces 

Sp(2,2)/Sp(2)xSp(2), F-2VSpin(9), 

and their compact duals. 

Example 12.3. Recall that a Damek-Ricci space is a simply connected 
solvable Lie group S with a left-invariant metric, such that its Lie algebra 
is an orthogonal direct sum 

s = + 3 a, 

where n = + 3 is a generalized Heisenberg algebra with center 3, a is 
1-dimensional with a fixed, non-zero vector j4 E a, and 

[A,V] = [A,Y] = Y (Aea, V ev, Y ei). 

Clearly, these spaces generalize non-compact Riemannian symmetric spaces 
of rank one. They are irreducible Riemannian harmonic manifolds, and 
were introduced by Damek and Ricci to provide counterexamples to the 
conjecture by Lichnerowicz, stating that any Riemannian harmonic manifold 
is 2-point symmetric [5]. For more information about Damek-Ricci spaces 
and generalized Heisenberg algebras, we refer to [1]. 

Let A, N, Z be the subgroups of S with Lie algebras a, n and 3, respec- 
tively. The above construction gives us a harmonic morphism 

tp : S = N ■ A^ N/Z ^R^, 

where k = dim . 

13. 3-DIMENSIONAL SOLVABLE LlE GROUPS 

In this section we study the structure of conformal foliations by geodesies 
on 3-dimensional solvable Lie groups. We start by reviewing some general 
terminology. 

Assume that V is an involutive distribution on a Riemannian manifold 
(M, g) and denote by TC its orthogonal complement. As customary, we also 
use V and 7i to denote the orthogonal projections onto the corresponding 
subbundles of TM and we identify V with the corresponding foliation tan- 
gent to V. The second fundamental form for V is given by 

B^{U,V) = ^n{VuV + VvU) {U,VeV), 

while the second fundamental form for TC is given by 

B'^{X,Y) = ^V{VxY + VyX) {X,Yen). 
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Recall that V is said to be conformal if there is a vector field V, tangent to 
V, such that 

B'^=g(g)V, 

and V is said to be Riemannian V = 0. Furthermore, V is said to be 
totally geodesic if = 0. This is equivalent to the leaves of V being totally 
geodesic submanifolds of M. 

It is easy to see that the fibres of a horizontally conformal map (Riemann- 
ian submersion) give rise to a conformal (Riemannian) foliation. Conversely, 
any conformal (Riemannian) foliation is locally the fibres of a horizontally 
conformal map (Riemannian submersion), see |2J. When the codimension 
of the foliation is 2, the map is harmonic if and only if the leaves of the 
foliation are minimal submanifolds. 

Before restricting ourselves to the 3-dimensional situation, we note the 
following result. 

Proposition 13.1. Let G be a Lie group with Lie algebra g and a left- 
invariant metric. Then the left-translation of any subspace of the centre of 
Q generates a totally geodesic Riemannian foliation of G. 

Proof. Let V be the foliation thus obtained and 7i its orthogonal comple- 
ment. If U and V are left-invariant vector field in V and X and Y left- 
invariant in Ti then clearly 

(i?^ ([/, y ) , X) = i ( ( [[/, F] , X) + ( [X, [/] , y ) - ( [y, X] , [/) ) = 



and 



{B^{X, Y), U) =\{{VxY, U) + (VyX, U)) 



=\{{[X,YiU) + {[U,XiY) - {[Y,U\, X) 

+ ([y,x],c/) + ([c/,y],x) - {[x,u],y)) = o. 

Thus V is Riemannian and totally geodesic. □ 
Example 13.2. The solvable Lie algebra 








ti,t2,X € 



has a 1-dimensional center. Thus the corresponding simply connected Lie 
group S2 admits a Riemannian foliation by geodesies, regardless of which 
left-invariant metric we equip it with. 

The following result shows that the 3-dimensional situation is very special 
with respect to conformal foliations by geodesies. 

Theorem 13.3. [2] Let M be a 3-dimensional Riemannian manifold with 
non-constant sectional curvature. Then there are at most two distinct con- 
formal foliations by geodesies of M. If there is an open subset on which the 
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Ricci tensor has precisely two distinct eigenvalues, then there is at most one 
conformal foliation by geodesies of M . 



This result can now be applied to the situation of 3-dimensional Lie groups 
with left-invariant metrics. 

Proposition 13.4. Let G be a connected 3-dimensional Lie group with a 
left-invariant metric of non-constant sectional curvature. Then any local 
conformal foliation by geodesies of a connected open subset of G can be 
extended to a global conformal foliation by geodesies of G. This is given by 
the left-translation of a 1-parameter subgroup of G. 

Proof. Assume that V is a conformal foliation by geodesies of some con- 
nected neighbourhood U of the identity element e of G and denote by 7i the 
orthogonal complement of V. Let U' <Z U he a, connected neighbourhood 
of e such that gh £ U for all g,h £ U' , and let U" G U' he a connected 
neigbourhood of e for which g^^ G U' for all g £ U" . 

For any g £ G, we denote hy Lg : G ^ G left translation by G. Take 
g £ U" and consider the distribution dLgV\jj,, obtained by restricting V to 
U' and translating with g. As Lg is an isometry, this is also a conformal 
foliation by geodesies of LgU', which is a connected neigbourhood of e. It 
is clear from Theorem 113.31 and by continuity, that this distribution must 
coincide with V restricted to LgU'. It follows that d{Lg)ii{Vh) = Vgh for all 
g,h £ U". In particular we have 

d{Lg)e{Ve) =Vg {g£ U"). 

Define a 1-dimensional distribution V on G by 

Vg = (dLgUVe) {geG). 

Its horizontal distribution 7i is clearly given by left translation of "He- From 
the above we see that 



It follows that 



\u'' If/'' 



and since V is left-invariant, it follows that = everywhere, i.e., V is 
totally geodesic. In the same way we see that V is a conformal distribution 
and, by Theorem 113.31 we see that 

^\u = ^- 

This shows that V extends to a global conformal, totally geodesic dis- 
tribution V, which is left-invariant. By picking any unit vector V £ Ve, 
we see that the corresponding foliation is given by left translation of the 
1-parameter subgroup generated by V. □ 
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Example 13.5. Fix two real numbers a, /3, not both zero, and let g = f) ixl 
where i) C 0t2(^^) is the real span of the matrix 

a — 



\p a 

Thus, if 62, 63 is the standard basis for M?, we have the commutator relations 

[61,62] = ae2 +/3e2, [ei, 63] = -/3e2 + 063, [62,63] =0. 

Hence q is solvable and centerless. The corresponding simply connected Lie 
group is given by 

^e*" cos(t/3) -e*'^ sin(t/3) 
G = { I 6*" sin(t/3) 6*^" cos(t/3) 








t,x,y e 



Let 62 , 63 be the standard basis on M? and choose the left-invariant metric 
for which ei, 62, 63 is an orthonormal basis for g. By identifying G with 
in the obvious way, we see that this metric is given by 

A simple calculation shows that this metric has constant sectional curvature 
—a^. It is also easy to see that left translation of ei generates a conformal 
foliation by geodesies on G. 

Theorem 13.6. Let q be a 2>- dimensional centerless, solvable Lie algebra 
and G a connected Lie group with Lie algebra and a left-invariant metric. 
Let V be a local conformal foliation by geodesies on G. Then G has constant 
sectional curvature. 

Proof. According to Proposition 113.41 the foliation V can be extended to a 
global foliation on G and is tangent to a left-invariant vector field V €z q. 
Let TC be the left-invariant distribution orthogonal to V and X,Y he a left- 
invariant orthonormal basis for TC. As V is totally geodesic, we yield 

= {B^{V,V),X) = {[X,V],V) 

and similarly for Y. We thus get 

[V, X] =aX + I3Y 

[V, Y] =-fX + 6Y. 

As V is conformal we have 

= {B'^{X,X),V) - {B'^{Y,Y),V) = {[V,X],X)-{[V,Y],Y) = a-S 
and 

={B^{X,Y),V) = 1{{[V,X],Y) + {[X,Y],V) - {[Y,V],X) 

+ {[V,Y],X) + {[Y,X],V) - {[X,V],Y)} 
={[V,X],Y) + {[V,Y],X)=(3 + -f. 
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Thus 

[F, X] =aX + I3Y 

(13.1) 

^ ^ [V,Y]=- (5X + aY. 

The Lie algebra g is centerless so we must have + / 0, and since 

[y,/3X + ay] =(a2 

[V,aX -PY] ={a^+(3^)X, 

it follows that X,Y £ [0,s]. As 3 is solvable, we must have [0,3] / g, so 
= span{X, y}. Since [g,g] is a 2-dimensional, nilpotent Lie algebra, it 
must be Abelian; hence [X, Y] = 0. 

By comparing with Example 113.51 it iiow follows that G must have con- 
stant sectional curvature — a^. □ 

Example 13.7. Consider the 3-dimensional solvable Lie algebra g^ spanned 
by the matrices 

fa 0\ /O l\ /O 

ei = -1 , 62 = p , 63 = p -1 
\0 0/ \0 0/ \0 

where a is some fixed real number. Here [g,g] is spanned by 62 and 63, and 
the operator adgj acts on this space with eigenvalues a and —1. The simply 
connected Lie group Ga with Lie algebra go, is given by 

r /e"" y\ \ 
Ga = II e-^ z\\x,y,zeR>. 

When Q = 0, 62 spans the center of Qa, and is thus tangent to a Rie- 
mannian foliation of Ga by geodesies. For a ^ 0, Qa is centerless so the only 
metrics on Ga for a ^ which admit a conformal foliation by geodesies are 
those of constant sectional curvature. For a > there are no left-invaraint 
metric on Ga with constant sectional curvature, see |14j . This implies that 
for a > the Lie group Ga does not admit any local conformal foliation by 
geodesies, regardelss of which left-invariant metric we equip it with. 
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